1 Introduction and discussion of results
Geometric motivation: the Thurston boundary and completion of Teichmüller space
Let S be a closed oriented topological surface with g > 1 handles. The Teichmüller space T S of S is isomorphic to R 6g−6 . Thurston defined a compactification of the Teichmüller space by the space of projective measured laminations on S. The latter space is homeomorphic to a sphere S 6g−5 . The action of the modular group Γ S of S extends to the Thurston compactification.
On the other hand, there is a completion C S of the Teichmüller space, studied by L.Bers, H. Masur [M] and others. The action of the modular group Γ S on the Teichmüller space extends nicely to C S . The quotient C S /Γ S is identified with the Deligne-Mumford moduli space M g . The components of the boundary C S −T S are parametrised by simple laminations on S, that is by the isotopy classes of collections of pairwise non-isotopic non-intersecting loops on S. These strata are of even real codimension -indeed, their quotients are complex varieties. Therefore the completion C S is really different then the Thurston boundary.
One can extend the definition of the Teichmüller space and the Thurston compactification to the case when the closed surface S is replaced by a topological data, denoted by S, which consist of a surface S with a finite number of holes and a finite collection of marked points on the boundary, considered modulo isotopy. In this case the enhanced Teichmüller space T S parametrises complex structures on the surface S plus the following additional data: marked points, and choice of orientations for all boundary components without marked points 1 . It is diffeomorphic to an open ball, and the Thurston compactification is homeomorphic to a closed ball. The Thurston boundary is identified with the projectivisation of the space of X -laminations on S [FG3] .
We define a natural completion of the enhanced Teichmüller space of S, acted by the modular group of S. If S has no holes it is the special completion C S . Its strata are parametrised by simple X -laminations on S. However these strata are not necessarily of even codimension -they might be of codimension one, for example. Since we were not able to find a reference, we elaborate this below.
A simple X -lamination on S is a collection of pairwise non-intersecting loops and nonboundary, i.e. non-homotopic to a boundary segment, paths connecting unmarked boundary points, modulo isotopies. The boundary component corresponding to a single simple loop is a real codimension two stratum obtained by pinching the loop. The boundary component corresponding to a single non-boundary path E connecting boundary points is a real codimension one stratum. It is identified with the enhanced Teichmüller space T S E of the surface S E obtained by cutting the original surface along E, see Fig 2. The marked points on S E are the ones inherited from S plus the midpoints of the two components of the cutted segment E. There is a canonical fibration π E : T S −→ T S E over the boundary component with one-dimensional fibers. More details can be found in Section 2.3. Example. Let S be a genus g oriented hyperbolic surface with n holes. The classical Teichmuller space T un S parametrises complex structures on S such that each hole is a puncture for the complex structure. Its quotient under the action of modular group of S is the moduli space M g,n . The quotient of the completion of the Teichmuller space T un S is the DeligneMumford moduli space M g,n : a regular projective scheme over Z compactifying the moduli space M g,n . The enhanced Teichmuller space T S is bigger: dimT S = dimT un S + n. It does not have a complex structure. Its completion has codimension one boundary components which do not intersect the completion of T un S . For example, if g = n = 1, the classical Teichmuller space T un S is the hyperbolic plane. Its completion is obtained by adding cusps at the boundary of the hyperbolic plane. The completion of the enhanced Teichmuller space T S is more complicated. It is discussed in Section 2.2.
The enhanced Teichmüller space of S has an algebraic-geometric avatar: the moduli space X P GL 2 , S of P GL 2 -local systems on S equipped with some additional structure near the boundary. The Teichmüller space is recovered as the space of its positive real points [FG1] . The moduli space X P GL 2 , S has a natural cluster X -variety structure. So one may ask whether / how one can see the Thurston compactification and components of the completion of the Teichmüller space in terms of the cluster structure.
The goal of this paper is to address these questions from a quite general algebraic perspective. We show that the Thurston compactification is a special case of a very general construction which can be applied to an arbitrary positive space.
2 Furthermore, we show that the components of the completion of the Teichmüller space corresponding to simple X -laminations without loops can be defined in the context of cluster X -varieties, and so make sense for arbitrary cluster X -varieties.
Algebraic perspective: positive spaces and cluster X -varieties.
Many interesting varieties and moduli spaces admit natural positive atlases. A positive atlas is a collection of rational coordinate systems on a space such that the transition functions between any two of the coordinate systems are subtraction free rational functions 3 . The story originates in the classical theory of totally positive matrices. Further examples are discussed in [L] , [FZ] , [FG1] .
Example. The moduli space M 0,n+3 parametrizes (n + 3)-tuples of distinct points (x 1 , ..., x n+3 ) on P 1 modulo the action of P GL 2 . A cyclic order of the points gives rise to a positive atlas on M 0,n+3 as follows. Let P n+3 be a convex polygon. We assign the points x i to its vertices, so that the order of points x i is compatible with the clockwise cyclic order of the vertices. The coordinate systems are parametrized by the triangulations of the polygon. Given a triangulation T , the coordinates X T E are assigned to the diagonals E of T . Namely, consider the unique rectangle formed by the sides of the polygon and diagonals of the triangulation, with the diagonal given by E. Its vertices provide a cyclic configuration of four points on P 1 . We order them starting from a vertex of E, getting a configuration of four points (y 1 , y 2 , y 3 , y 4 ) on P 1 , and set
There are two possible orderings, which differ by a cyclic shift by two. Since the cyclic shift by one changes the cross-ratio to its inverse, the rational function X T E is well defined. The obtained coordinate systems form a positive atlas. Different dihedral orders of the points lead to different positive atlases. For example, there are 12 different positive atlases on M 0,5 . Each consists of five coordinate systems.
A positive space is a space X together with a positive atlas. It is useful to separate the space from the atlas. Namely, the atlas itself determines a new scheme X over Z (perhaps non-separated). Let us describe the set of its complex points. Take a copy of the complex torus T α = (C * ) n assigned to each coordinate system α of the atlas. The canonical coordinates X 1 , ..., X n on this torus are the coordinates of the coordinate system α. Gluing these tori using the transition functions between the coordinate systems of the atlas we get a scheme X "materialising" the atlas. So a positive atlas on X is nothing else but a birational isomorphism
It turns out that positive atlases appearing in many interesting cases are of very specific nature: the whole atlas is determined by a single coordinate system equipped with certain additional structure. The original examples were provided by cluster algebras [FZI] . In this paper we consider such positive atlases of different type. The schemes materialising these atlases are called cluster X -varieties.
Cluster X -varieties. Let us recall the definition of following Sections 1.2.1-1.2.4 of [FG2] . Definition 1.1 A seed s is a datum Λ, {e i }, ( * , * ), {d i } , where
• Λ is a lattice, i.e. a free abelian group, {e i } is a basis of Λ, and d i ∈ Z >0 are multipliers;
• ( * , * ) a Z-valued bilinear form on Λ such that e i , e j := (e i , e j )d
A seed s is essentially the same thing as a skewsymmetrisable matrix ε ij := (e i , e j ) where i ∈ I. Definition 1.2 A mutation of a seed s in the direction of a basis vector e k is a new seed s. The lattice and the form of the seed s are the same as of s. The basis { e i } of s is defined by
The composition of mutations related to e k and e k is a canonical isomorphism of seeds. A composition of seed mutations and seed isomorphisms is called a seed cluster transformation. We assign to a seed s a split torus T s := (C * ) I , called a seed torus, equipped with canonical coordinates {X i }, where i ∈ I. A mutation in the direction of a basis vector e k 4 We require it to satisfy an extra technical condition: the points of the torus T α where the map ψ is not defined are contained in a divisor given by a positive equation. So in particular the restriction of ψ to the positive part R n >0 of the torus T α is well defined.
gives rise to a birational isomorphism µ e k : T s −→ T s , acting on the set of coordinates
An isomorphism of seeds gives rise to an isomorphism of the corresponding seed tori. Thus a seed cluster transformation gives rise to a birational isomorphism of the corresponding seed tori. Given a seed s, we define the associated cluster X -variety as follows. Consider all seeds obtained from s by seed cluster transformations. We assign to each of these seeds the corresponding seed torus, and glue them using the corresponding birational isomorphisms.
The Laurent phenomenon Theorem [FZL] implies that if the form ( * , * ) is non-degenerate, the regular functions on a cluster X -variety separate its points. Conjecturally this is always the case. It is known to be the case for all cluster X -varieties considered in this paper, e.g. in the Examples below. So in these cases it makes sense to consider the affine closure of a cluster X -variety.
Examples.
1. The cluster X -variety X ∆ provided by a classical Dynkin diagrams ∆, i.e. ∆ = A n .
Its matrix ε ij is obtained by taking the Cartan matrix of the Dynkin diagrams ∆, and making it skewsymmetrizable by killing the 2's on the diagonal and changing signs under the diagonal.
2. The positive atlas on M 0,n+3 assigned to a cyclic order of the points is a cluster Xvariety atlas. Namely, let us define a cluster seed assigned to a triangulation T . The lattice Λ is the free abelian group generated by the diagonals of the triangulation, with a basis given by the diagonals. The bilinear form is given by the adjacency matrix. Namely, two diagonals E and F of the triangulation are called adjacent if they share a vertex, and there are no diagonals of the triangulation between them. We set ε EF = 0 if E and F are not adjacent. If they are, ε EF = 1 if E is before F according to the clockwise orientation of the diagonals at the vertex v shared by E and F , and ε EF = −1 otherwise. Mutations correspond to flips of the diagonals. One needs to check (an exercise) that the adjacency matrix changes under the flips according to formula (3), and that the coordinates X T E mutate according to formulae (4). A zig-zag triangulation of P n+3 provides a seed of type A n .
3. The moduli space X G,S parametrising G-local systems on an oriented surface S with punctures, equipped with a reduction of the structure group to a Borel subgroup near every puncture. Here G is a split reductive algebraic group over Q with connected center, e.g. P GL n -see [FG1] . The moduli space assigned to a surface S is discussed in Section 2.3.
So for each of these moduli spaces there is a cluster variety X and a birational isomorphism (2) describing the cluster atlas. For example, each of the cluster atlases on M 0,n+3 provides a cluster atlas on the moduli space M 0,n+3 , and hence birational isomorphism
However the map ψ is almost never an isomorphism. So one needs to describe the map ψ. Let us address this question for the moduli space M 0,n+3 .
1.3 The cluster X -variety X A n and the moduli space M 0,n+3 .
The question is:
• What is the precise relationship between M 0,n+3 and the cluster variety X An ?
Recall that the n-dimensional Stasheff polytope is a convex polytope whose vertices are parametrised by complete triangulations of the convex polygon P n+3 . The k-dimensional faces are parametrised by triangulations missing k diagonals.
The dihedral order of the points (x 1 , ..., x n+3 ) provides a connected component M 0 0,n+3 (R) of M 0,n+3 (R), parametrising configurations of points on P 1 (R) whose cyclic order is compatible with an orientation of P 1 (R). We would like to notice that this is nothing else but the Teichmuller space assigned to a disc with n + 3 marked points on the boundary, discussed in Section 1.1. Its closure is identified with the Stasheff polytope. The Zariski closure of the boundary is the Stasheff divisor B n in M 0,n+3 [GM] . Its components intersect the Stasheff polytope by real codimension one faces. 
To clarify the structure of the Stasheff divisor, let us recall some basics about M 0,n+3 . The complement M 0,n+3 − M 0,n+3 is a normal crossing divisor whose components are called the boundary divisors. They are parametrised by decompositions
Recall that we assign the points x 1 , ..., x n+3 to the vertices p 1 , ..., p n+3 of the convex polygon P n+3 . The boundary divisor D I,J , see (5), belongs to the Stasheff divisor if and only if the chords with the vertices from the set I do not intersect the chords with the vertices from J. So the faces of the Stasheff divisor are products of the moduli spaces M 0,m . Their structure match the combinatorial structure of the Stasheff polytope.
Examples. 1. The Stasheff divisor B 1 is the union of two points. The cross-ratio (1) provides isomorphisms
2. The complement M 0,5 − M 0,5 is a union of 10 projective lines. A choice of dihedral order of the points (x 1 , ..., x 5 ) provides a splitting of them into two pentagons. The Stasheff divisor B 2 is one of them. See [G] for a more elaborate discussion of this example.
To formulate our result we have to recall few more notions related to positive spaces. Let F be a semifield, i.e. a set with operations of addition, multiplication and division satisfying the usual axioms, e.g. F = R >0 . A more exotic example is the tropical semifield R t . It is the set R with the multiplication ⊗ and addition ⊕ given by a⊗b := a+b, a⊕b := max(a, b). Similarly there are tropical semifields Z t and Q t . A positive rational function provides a map of a semifield F to itself. Therefore a positive space X determines a set X(F) of its F-valued points. As a set, it is isomorphic, in many different ways, to the set F dimX . Namely, we assign to each coordinate system of the atlas the set F dimX , and glue them using the coordinate transformations. The group of automorphism of the positive space X acts on the set X(F). If the space is a cluster X -variety X it is the cluster modular group Γ X of X .
Let us elaborate now the definition of the affine closure of the scheme X materialising a positive atlas. The ring O(T α ) of regular functions on the coordinate torus T α is the ring of Laurent polynomials in variables X i with integral coefficients. Let L(X ) be the subring O(T α ) consisting of the functions which are Laurent polynomials in any coordinate system of the atlas. Then the affine closure of X is
. This definition is useful only if the canonical map X → X ac is an embedding, i.e. the regular functions on X separate the points.
Below we denote by X An the affine closure of the cluster X -variety of type A n .
3. The cluster modular group of X An is identified with Z/(n + 3)Z if n > 1 and Z/2Z if n = 1. Its generator acts on M 0,n+3 as the cyclic shift
4. The cluster structure map is a rational map given by the composition We introduce the special completion of a cluster X -variety, obtained by adding to the affine closure of the cluster variety affine closures of certain cluster varieties at infinity. More generally, in Section 2 we investigate the following two problems:
1. How one can compactify the set of real positive points of an arbitrary positive space?
2. How one can complete cluster X -varieties by adding to them some "divisors at infinity"?
It turns out that these two problems are related.
Tropical compactifications for positive spaces.
A positive space X provides us with two spaces: the space of real positive points X (R >0 ) and the space of real tropical points X (R t ).
Example [FG1] . The set X G,S (R >0 ) of positive points of the moduli space X G,S is the higher Teichmüller space assigned to the pair (G, S). For G = P GL 2 we recover the enhanced Teichmüller space of S. The set X P GL 2 ,S (R t ) is the space of measured X -laminations on S.
In Section 2 we relate the spaces X (R >0 ) and X (R t ) as follows. We define the tropical compactification of the space X (R >0 ). Its boundary is called the tropical boundary of X (R >0 ). We show that the tropical boundary is canonically identified with the spherical tropical space SX (R t ) -the quotient of X (R t ) by the natural action of the group R * >0 . Example. We show that the tropical boundary of the positive space X P GL 2 ,S is the Thurston boundary of the classical Teichmüller space. Since the spherical tropical space of this positive space is the space of projective measured laminations on S, our theorem in this case reduces to Thurston's theorem.
The spherical tropical space SX (R t ) is a sphere with a piecewise linear structure preserved by the action of the automorphism group Γ X . It is a rather complicated object: Fig 1 shows a hemisphere of the two dimensional spherical tropical space for X P GL 2 ,S , where S is a torus with a hole. The automorphism group Γ X = P SL 2 (Z) acts by piecewise linear transformations of the hemisphere. So one can decompose it into the maximal domains where the action is linear, as shown on Fig 1. We discuss this in detail in Section 2.2.
We introduce a convex structure on the spherical tropical space SX (R t ).
Special completions of cluster X -varieties.
We show that the rational points the spherical tropical space parametrize a supply of divisors which can appear as divisors at infinity. To specify a particular completion we need to choose a "fan" in the tropical space, which is reminiscent of the definition of toric varieties. An arbitrary cluster X -variety gives rise to a canonical "fan" in the tropical space X (R t ). Namely, we assign to a coordinate system a cone in X (R t ) consisting of all points which have non-negative coordinates in this coordinate system. We call it a special cone. The union of these cones is the positive part of the tropical space. It gives rise to the special completion X of the cluster X -variety. Its strata are affine closures of cluster X -varieties.
The Poisson structure on a cluster X -variety X extends to the special completion X , so that the divisor at infinity is precisely the subscheme of zeros of the Poisson bivector field.
One can take points of the special completion of a cluster variety X -variety with values in any semifield. Now we are ready to formulate the answer to the question from Section 1.3: Theorem 1.5 The space of the real positive points of X An is isomorphic to the Stasheff polytope. There is a canonical surjective map
In particular X An is a projective variety.
One should not mix up tropical compactifications and cluster completions. The latter are algebraic geometric objects, while the former are piecewise linear spheres. They are related however: the rational points of the tropical boundary parametrise a supply of divisors at infinity which can appear in different completions.
Examples. 1. For the cluster variety X An the boundary of the special completion is a blow down of the Stasheff divisor in M 0,n+3 , the tropical boundary SX An (R t ) is a simplicial sphere S n−1 dual to the boundary of the n-dimensional Stasheff polytope, and X An (R >0 ) is the Stasheff polytope. So there are two completely different ways to compactify the moduli space X An (R >0 ) of positive configurations of points on RP 1 , although topologically they both are spheres.
2. The set of positive points of the special completion of the moduli space X P GL 2 ,S is a stratified space. Its codimension k strata are the Teichmüller spaces for the surfaces with marked points on the boundary obtained by cutting the original surface S along k non-intersecting ideal edges.
A generalization of M 0,n+3 related to a root system ∆. Similarly, there is a scheme X ∆ of finite type over Z, the special completion of the cluster X -variety related to a root system ∆. Recall the generalized Stasheff polytope S ∆ assigned to a root system ∆ [FZII] . Proposition 1.6 The generalized Stasheff polytope S ∆ is a combinatorial skeleton of the scheme X ∆ . Precisely, X ∆ has a stratification whose codimension k strata match the codimension k faces of the polytope S ∆ : The latter are products of the generalized Stasheff polytopes S ∆ ′ , and the former are products of the corresponding schemes X ∆ ′ . One has X ∆ (R >0 ) = S ∆ .
Thanks to Theorem 1.5, the scheme X ∆ can be viewed as an analog of the cyclic blow down of the moduli space M 0,n+3 assigned to a root system ∆. It is non-singular at least in codimension two. We conjecture that X ∆ is a projective variety. It would be very interesting to investigate the scheme X ∆ further. For example, count its number of points over a finite field F q .
In general the special completion X (R >0 ) of the space X (R >0 ) and the tropical compactification of X (R >0 ) are different: the latter is a sphere, why the former may not be compact.
The positive part of the tropical boundary in general fails to be a simplicial complex since some faces may be shared by infinitely many special simplices. The complement (the tropical boundary) − (the positive part of the tropical boundary)
is an interesting object. It leads, at least in some cases, to generalizations of cluster coordinates.
Conjecture 1.7 The cluster complex (Definition 2.14 in [FG2] ) is naturally identified with a connected component of the positive part of the tropical boundary.
Toric varieties. A seed with the trivial bilinear form is just a lattice with a basis. The special completion in this case is a product of P 1 's. Other completions are toric varieties.
Moduli spaces of the Stokes data and degenerations. A G-bundle with meromorphic connection on a Riemann surface Σ, with possibly irregular singularities, is determined by a generalized monodromy data, which consists of the monodromy and the Stokes data at irregular singularities. When G = P GL 2 , the moduli space MS(Σ) of the generalized monodromy data has a cluster X -variety structure, and is isomorphic to X P GL 2 , S , where S is the topological surface underlying the Σ, and the isotopy class of marked boundary points on the boundary of S is determined by the irregularity type of the connection. The strata of the special completion of generalized monodromy moduli space MS(Σ) are obtained by colliding the singularities of meromorphic connections on Σ. A similar result is valid for any reductive group G, and will be discussed in detail elsewhere.
2 Tropical boundary and special completions of cluster X -varieties.
Tropical boundary of a positive space.
Let X be a positive space. A positive rational function on X is a rational function on X which in some, and hence any positive coordinate system can be presented as a ratio of two Laurent polynomials with positive integral coefficients. Positive rational functions form a semifield denoted by Q + (X ). A positive rational function F takes positive values on any positive point x ∈ X (R >0 ). So log F (x) is defined. Choose a (countable) basis B in the semigroup Q + (X ). The logarithms of values of functions F ∈ B on positive points provide a map
The projectivisation of this map is a map, obviously injective,
Definition 2.1 Let X be a positive space. The tropical compactification X + of the space X (R >0 ) is the closure of the subset
The tropical boundary of the space X (R >0 ) is the complement ∂X + := X + − X + .
Spherical tropical space. The group R * >0 acts on the set X (R t ) of real tropical points of X . A number λ ∈ R * >0 acts by multiplying all coordinates at some (and hence any) positive coordinate system by λ. The quotient of X (R t ) by this action is the spherical tropical space SX (R t ). Obviously,
Proposition 2.2 There is a natural isomorphism
Proof. Let us define the map η. Observe that
Thus the evaluation of a rational positive function F on a tropical point x ∈ X (R t ) can be interpreted as follows. Take a positive coordinate system. Let (x 1 , ..., x n ) be the coordinates of x. Then
It remains to notice that in the projective space
So we get an injective map η. Let us show that it is surjective. Choose a positive coordinate system. Let (x 1 (ε), ..., x n (ε)) be the coordinates of a family of points of X (R >0 ) which has a limit under the map τ to the projective space. Consider its image in the subspace of the projective space P(R E ) corresponding to the coordinate functions. Let (x 1 : ... : x n ) be the homogeneous coordinate of the limiting point, which we assume for a moment being defined, i.e. different then (0 :, ..., : 0). Then the limiting point is of form η(x 1 : ... : x n ). The proposition is proved.
Example. Let S be a surface with punctures. According to [FG1] , the space of projective measured laminations coincides with spherical tropical space for X P GL 2 ,S .
Let L be the set of isotopy classes of simple loops on S. The Thurston compactification of the Teichmüller space is defined as the closure of the image of the map
of the Teichmuller space into the infinite dimensional real projective space, defined as follows.
A point x ∈ T S is assigned a point in the projective space whose homogeneous coordinates are the lengths of the loops in the metric on S given by the point x ∈ T S .
Proposition 2.3
The Thurston boundary of the Teichmüller space T S coincides with the tropical boundary of the cluster X -variety X P GL 2 ,S .
Proof. The proposition is an easy consequence of the following two facts, proved in [FG1] . First, a loop α on S gives rise to a positive regular function on the space X P GL 2 ,S provided by the local system monodromy along α. Second, let λ 1 , λ 2 be the eigenvalues of the monodromy around α for the P GL 2 (R)-local system assigned to a point x ∈ T S . They are defined up to a common factor. Then the length of the geodesic representing the isotopy class of α is 1 2 log |λ 1 /λ 2 |.
Tropical boundary of the enhanced Teichmuller space of a punctured torus
The (enhanced) Teichmuller space for the punctured torus has dimension 3. It is the space of positive points for the cluster X -variety structure described by the matrix
So its tropical boundary is a sphere S 2 equipped with a piecewise linear action of the mapping class group P SL 2 (Z). Below we describe this action. as well as the domains where it is linear.
A coordinate description. The group P SL 2 (Z) is generated by the standard generators S and T , such that S 2 = (ST ) 3 = e. The group P SL 2 (Z) acts by piecewise linear transformations of Z 3 : The generator ST acts by (x, y, z) −→ (y, z, x), and the generator T acts by
The action preserves x + y + z, and hence the half spaces x + y + z > 0 and x + y + z < 0.
To visualize it, we describe its restriction to the plane x + y + z = 1. There is a triangle
The P SL 2 (Z)-orbits of the triangle T fill a dense part of the plane. Every side of the obtained triangles is shared by exactly two triangles. The complement is a countable collection of rays. Each ray has a unique vertex. Every vertex of the triangles is a vertex of the unique ray. Every vertex is shared by infinitely many triangles and just one ray.
A description via the projective measured laminations. A simple loop α on the punctured torus S ′ is an ideal loop if it contains the puncture, and a regular loop otherwise. A rational lamination on S is the following data:
• a collection of mutually non-intersecting and non-isotopic simple loops with positive rational weights on the surface S ′ , up to isotopy.
• If a lamination contains an ideal loop, an orientation of a small disc containing the puncture.
Real laminations are defined as a completion of the space of rational laminations. There is a decomposition into a union of a circle and two hemispheres
The circle S 1 corresponds to single loop projective laminations. The sign of S ± is determined by the orientation of a disc containing the puncture: it is + if it is induced by the orientation of S ′ . The triangles parametrise projective laminations
where the loops α 1 , α 2 , α 3 form an ideal triangulation of the punctured torus S ′ , and the triple (a 1 , a 2 , a 3 ) is defined up to multiplication by a positive number. The edges of the triangles parametrise projective laminations of the form a 1 α 1 + a 2 α 2 , and the vertices correspond to the laminations given by the ideal loops α on S ′ . Rays parametrise projective laminations
where α is an ideal loop, β is a regular loop, and the pair (a, b) is defined up to multiplication by a positive number. The projective lamination β corresponds to the intersection of the ray with the equatorial circle. The projective lamination α is the vertex of the ray shared by the triangles. The equatorial circle parametrises projective measured laminations on the torus compactifying S ′ . Presenting a compact torus as R 2 /Z 2 , the equatorial circle S 1 is identified with R 2 /R * >0 . A projective lamination is obtained by projecting a one dimensional subspace in R 2 onto the torus. Integral laminations correspond to the lines with rational slopes, i.e. to the rational points p/q on S 1 . The action of the modular group P SL 2 (Z) on the projective measured laminations is the action by the fractional linear transformations of the equatorial circle S 1 . Let us compare the S + ∪ S 1 part of the tropical boundary on Fig 1 with the classical modular triangulation of the hyperbolic plane. There is a natural map from the former to the latter. It shrinks the rays onto the cusps, and is an isomorphism on the triangles.
Special completions of cluster varieties
Rational tropical points and strict valuations. A valuation on a ring L is a map
A strict valuation on a semiring L + is a map v :
A valuation v gives rise to the valuation semiring
and the valuation ideal
So there is the quotient semiring R
The following lemma is an immediate consequence of the definitions.
Lemma 2.4 Let X be a positive space. A point x ∈ X (Z t ) provides a strict valuation v x of the semiring L + (X ) given by the negative of the value of the tropicalization of a function F at x:
Remark. Let X and A ∨ be a Langlands dual pair of cluster varieties -see Section 4 of [FG2] . Then the intersection pairing I A (l, m) : A ∨ (Z t ) × X (Z t ) −→ Z whose existence was conjectured in Conjecture 4.3 in loc. cit. is nothing else but the value of the valuation v m provided by an integral tropical point m ∈ X (Z t ) on the positive regular function I A (l) on the X -space corresponding by Conjecture 4.1 in loc. cit. to the integral tropical point l ∈ A ∨ (Z t ):
There is, of course, a similar picture when we interchange X and A spaces.
Divisors at infinity corresponding to the points of SX (Q t ). Let us assume that the ring L(X ) is spanned by the semiring L + (X ), and the strict valuation v x on L + (X ) can be extended to a valuation on L(X ), also denoted by v x . So there are the valuation ring O x , the valuation ideal M x , and the quotient ring R x for the valuation v x . Then, given x ∈ X (Z t ), there is a scheme
We think about it as of a divisor at infinity for the space X corresponding to x. The integer v x (F ) is the order of zero of the function F at this divisor. The scheme D x depends only on the image of x in SX (Q t ). If X has a cluster variety, D x does not always have a cluster variety structure. Here is an example which does not require any a priory assumptions, where this is the case.
Special completions of cluster varieties. Given a seed i, any subset of its basis vectors determines a seed j, called a subseed of the seed i. Its lattice Λ j is the sublattice of Λ spanned by the specified basis vectors; the bilinear form on the lattice Λ j is induced by the bilinear form on Λ.
Definition 2.5 Let X be a cluster X -variety. A special cone is a cone C ⊂ X (R t ) such that there exists a seed i and a subseed j ⊂ i so that C is given by the following conditions on the tropical cluster coordinates {x i } for the seed i:
So C is a cone of codimension |j|.
Remark. A special simplex is the projection of a special cone to the spherical tropical space. Special simplices may not form a locally finite subset of the spherical tropical space. An example is given in Section 2.2, where special triangles are the orbits of the triangle T .
Lemma 2.6 A special cone C ⊂ X (R t ) determines a cluster X -variety X C of codimension dimC.
Proof. Mutating basis vectors of the subseed j we do not change coordinates of a point l ∈ C. Indeed, the tropical coordinates x i change under the mutation in the direction e j as follows:
Therefore the equivalence class of the seed j is well defined by the special cone C. The lemma is proved.
Proposition 2.7 Assume that regular functions on a cluster X -variety X separate the points. Then there is a unique scheme over Z, perhaps non-separated, called the special completion X of X , such that 1. X has a stratification whose strata are the affine closures of cluster varieties X C parametrised by the special cones C ⊂ X (R t ).
We have X C ⊂ X C ′ if and only if
Proof. A seed i defines a cluster seed torus X i which is canonically identified with G I m by the cluster coordinates. It has a canonical embedding into the affine space
A subseed j ⊂ i determines a cluster torus X j which we glue to the torus X i as follows: the torus X j is realized as a subvariety of A I in (10) given by the conditions X j = 0 if j ∈ i − j, and X j = 0 otherwise.
The key point is that mutations in the directions of basis vectors of j do not change condition (11). Therefore it provides a boundary stratum identified with the cluster variety corresponding to the seed j. This procedure is transitive: given a triple of seeds k ⊂ j ⊂ i, the stratum for the subseed k ⊂ i is the same as the stratum for the subseed k ⊂ j in the stratum for j ⊂ i. The proposition follows.
Remark. There is a version of Proposition 2.7 where we do not take affine closures in 1). It does not require that regular functions on X separate the points.
Taking the positive points of the boundary strata we get a completion X (R >0 ) of the space X (R >0 ). It consists of cells, each isomorphic to R k , parametrised by the special cones, where k is the codimension of the cone.
For a cluster X -variety of finite type the completion X (R >0 ) is homeomorphic to a disc. Its boundary is a polyhedron dual to the generalized Stasheff polyhedron of the Dynkin diagram. Otherwise the special completion is not a manifold.
Here are some examples.
Special completion of the moduli space of framed P GL 2 -local systems. Let S be an oriented topological surface with holes and a finite set of marked points on the boundary, considered modulo isotopy. Let ∂S be the boundary of S, and ∂ S the punctured boundary, i.e. the complement to the marked points. The moduli space X P GL 2 , S parametrised pairs (L, β), called framed P GL 2 -local systems, where L is a P GL 2 -local systems on S, and β is a flat section of the associated P 1 -bundle with connection on ∂ S. It amounts to a collection of flat sections on connected components of the boundary. So in the case when there is no marked points we get the moduli space described in the Example 2 at Section 1.2.
Let us define ideal triangulations of S. Choose a single point inside each of the connected components of ∂ S. We call them special points. An ideal triangulations of S is a triangulation of S with vertices at the special points.
The moduli space X P GL 2 , S has a cluster X -variety structure with the seeds parametrised by ideal triangulations T of S; the cluster coordinates for a given triangulation T are assigned to the non-boundary edges of T [FG1] , just like in the case of M 0,n+3 .
For example, when S is a disc with n+3 marked points at the boundary, the moduli space X P GL 2 , S parametrises (n + 3)-tuples of points in P 1 modulo P GL 2 , and ideal triangulations of S are triangulations of a polygon which have one vertex between every two of the marked points. We study the special completion in this example in detail in the next subsection. Choose a non-boundary edge E of an ideal triangulation T of S. Let S E be the surface with special points obtained by cutting S along the edge E. The endpoints of E become new special points. The rest of the special points are inherited from S. So the number of special points always increases by two. There is a canonical fibration
It is obtained by restricting the local system L on S to S E . Denote by L E the obtained local system on S E . A framing β E on L E is defined as follows. The framing β on L induces a part of the framing β E . The flat sections of the P 1 -bundle in the vicinity of the endpoints of E induce the remaining components of β E .
The fibers of the fibration (12) are one dimensional. They can be parametrised, although non-canonically, as follows. Let (L E , β E ) be a framed P GL 2 -local system on S E . Denote by E + and E − the segments of the boundary glued into E. Choose additional flat sections p ± of the P 1 -bundle over E ± . Assume that they differ from the components of the framing β E assigned to the endpoints of E ± . Then there is a unique framed local system on S obtained from (L E , β E ) by gluing E − to E + so that the section p − is identified with p + . Keeping p − fixed and changing p + we get the fiber. When p + approaches to the flat section in the end of E + , we get the limiting framed local system on S E . He we use the orientation of the surface to tell which end. See a different description below.
Special cones in the tropical space are parametrised by collections {E 1 , ..., E k } of pairwise non-intersecting ideal non-boundary edges on S. By the general construction, such a collection gives rise to a codimension k stratum of the special completion of X P GL 2 , S . It is described as follows. Let S E 1 ,...,E k be the surface obtained by cutting S along the edges E 1 , ..., E k . The vertices of the edges E 1 , ..., E k become special points on the cutted surface.
Lemma 2.8 The stratum assigned to the collection {E 1 , ..., E k } is naturally identified with the moduli spaces of framed P GL 2 -local systems on S E 1 ,...,E k .
Proof. Let T be an ideal triangulation of S. Denote by Ed(T ) the set of non-boundary edges of T . Then Ed(T ) − {E 1 , ..., E k } is the set of non-boundary edges of the ideal triangulation of S E 1 ,...,E k provided by T . Let X T E be the cluster coordinate for the triangulation T assigned to a non-boundary edge E of T . Then the boundary stratum assigned to the collection {E 1 , ..., E k } is obtained by letting the coordinates X T E , where E ∈ {E 1 , ..., E k }, to be zero. 
Convexity in the framework of positive spaces.
Convex subsets of the space of tropical points. Let X be a positive space. We define convex subsets of the space of the tropical points X (A t ), where A is either Z, or Q, or R. Let V be a real vector space. A convex domain in V is an intersection, possibly infinite, of half spaces given by the inequalities l(x) ≤ c where l(x) are linear functions on V , and c are constants. We look at this as follows. A split torus T is the simplest basic example of a positive space. The space T(Z t ) of its integral tropical points is a free abelian group given by the characters of T. One has T(Q t ) = T(Z t ) ⊗ Q. Linear functions with integral coefficients are nothing else but the tropicalizations of the positive regular functions on the torus T. We generalise this by replacing the torus T by an arbitrary positive space X .
Denote by L + (X ) the semiring of positive regular functions on X . It is the set of rational functions which are Laurent polynomials with positive integral coefficients in every coordinate system of the atlas. Denote by E(X ) the set of extremal elements of the cone L + (X ), i.e. the elements which can not be presented a a sum of two non-zero elements of the cone.
A function E ∈ E(X ) and a constant c E ∈ Q ∪ ∞ give rise to a basic convex subset
Convex subsets of X (Q t ) are defined as intersections of such subsets. If c E = ∞, the corresponding subset is X (Q t ). So if all but finitely many c E 's are infinite, we get a finite intersection of basic convex subsets. We extend the addition in Q to an addition in Q ∪ ∞ by setting a + ∞ = ∞. One defines similarly convex subsets of X (A t ):
Definition 2.9 i) A convex subset A ⊂ X (A t ) is defined by inequalities
ii) Given n convex subsets
E for each E ∈ E(X )}. Each coordinate system identifies the set X (A t ) with A dimX . Our convex subsets are identified with certain convex (in the usual sense) subsets of A dimX .
Spherical convex subsets. We start again with a motivation. Let V be a rational vector space and S(V ) the sphere of the rays in V . Convex domains in S(V ) are projectivisation of convex cones in V . A convex cone in V is an intersection of half spaces defined by inequalities l(v) ≤ 0, where l are linear functions on V . We conclude that the semiring of positive integral Laurent polynomials determines the classical convex structure of the sphere S(V ). The real spherical tropical space for a split torus T is nothing else but the sphere S(V ). This suggests the following generalization.
Definition 2.10 Let X be a positive space. i) Convex subsets of the tropical space SX (A t ) are the subsets
ii) The Minkowski sum of convex subsets S F 1 * S F 2 is given by
Given two functions F 1 , F 2 ∈ L + (X ), we have
Thus finite intersections of the convex subsets in X (Q t ) are convex subsets. This leads to
Lemma 2.11 The spherical convex subsets form a semiring with the addition given by the intersection of the subsets, and the multiplication given by the Minkowski sum. The map F −→ S F is a morphism of the semiring L + (X ) to the semiring of convex subsets of X .
Finally, we can allow infinite intersections of the basic spherical convex subsets.
3 The special completion X A n and M 0,n+3 3.1 Canonical basis for the ring of regular functions on X A n Recall the cluster A-variety A An related to the root system A n . The ring of regular functions O(A An ) is the cluster algebra [FZI] related to the root system A n . Here is our first main result:
Theorem 3.1 There is a canonical map of sets
providing an isomorphism of abelian groups
Let us outline the logic of the proof. The idea is to replace the left and the right sides by more manageable objects defined geometrically, without referring to cluster coordinate systems, and then dealing with them.
1. First, we replace the set A An (Z t ) by a geometrically defined set of integral Alaminations A L (n, Z). Let us recall the definitions of the latter: Definition 3.2 An integral A-lamination on a convex polygon is a collection of edges and mutually non-intersecting diagonals of the polygon with integral weights, subject to the following conditions:
1. The weights of the diagonals are positive.
2. The sum of the weights of the diagonals and sides incident to a given vertex is zero.
We denote by A L (n, Z) the set of all integral A-laminations on a convex (n + 3)-gon.
Proposition 3.3 There is a canonical isomorphism of sets
This result is the simplest case of the general theorem describing the set of integral Alaminations on surfaces S with marked points on the boundary as the set of integral tropical points of the positive moduli space A SL 2 , S , see [FG1] , Section 12, and [FG3] . The present case corresponds to a disc with n marked points on the boundary. For the convenience of the reader we briefly remind the construction of the coordinates on the space of A-laminations.
Next, we prove the following theorem:
Theorem 3.4 There is a canonical isomorphism of abelian groups
The very construction of the map I A is the simplest case of the construction of canonical basis in the ring of regular functions on the moduli space X P GL 2 , S parametrised by integral A-laminations on S from loc. cit. -in our case S is a disc with n marked points on the boundary.
However in [FG1] we did not consider anything like M cyc 0,n+3 , working instead with the cluster X -variety -one of our goals now was to establish precise relationship between these two objects. Furthermore, we treated there only surfaces with punctures, which is complimentary to the situation considered here. Therefore the proof of Theorem 3.4 requires additional work.
3. Finally, we prove Theorem 3.5 There is a canonical isomorphism of rings
Combining these results, we arrive at the proof of the isomorphism (15). Furthermore, we prove that it has the positivity property (14). Let us now implement these three steps.
Integral A-laminations on the polygon as the tropical points of
be the set of all isotopy classes of plane trivalent trees with external vertices at the vertices of the polygon P n+3 , see Fig 4. Given such a tree t, we define a coordinate system on the space of A-laminations on the polygon as follows. Retract the polygon onto the tree t. Given an A-lamination l, each curve of the lamination retracts to a path on the tree. We assign to an edge E of t the half sum a t E (l) of the weights of the curves passing through E. The numbers {a t E (l)} are the coordinates of l with respect to the tree t. The coordinates at the external edges of the tree t are zero: this is equivalent to condition 2 of Definition 3.2.
Lemma 3.6 The coordinates {a t E (l)} of an integral A-lamination l are integers.
Proof. Clearly the sum of the coordinates on the edges sharing an internal vertex of t are integers. Let us mark by black all the edges supporting half integral coordinates. Then each vertex of t shares zero or two black edges. It follows that the black edges form loops on t. Since t is a tree, this is impossible. The lemma is proved.
So one needs to prove that, given a trivalent tree t ∈ T * n , the coordinates {a
The inverse map, reconstructing a lamination from a given collection of coordinates on the internal edges, is defined similarly to the construction from Section 12 of [FG1] . Proposition 3.3 is proved. Let V 2 be a two dimensional vector space with a symplectic form ω. Let Conf * n (V 2 ) be the moduli space of configurations of n vectors in V 2 in generic position modulo the action of the group SL 2 . There is a canonical projection
where v is the point of the projective line P 1 = P (V 2 ) corresponding to the vector v ∈ V 2 . Given a lamination l ∈ A L (n, Z), let us define a rational function I A (l) on M 0,n+3 . Choose an order of the vertices of the polygon compatible with its cyclic order. Let ∆(v 1 , v 2 ) := ω, v 1 ∧ v 2 . We assign to a side/diagonal A a function
where v 1 , v 2 are the vectors assigned to the vertices of A, and the vertex assigned to v 1 goes before the one assigned to v 2 . Write l as a weighted sum l = n i A i of the diagonals and sides a i . Set
Thanks to the condition 2, this function does not depend on the symplectic form ω, and does not change if we multiply a vector v i by a nonzero scalar. Finally, this expression depends only on the cyclic order of the vertices. Indeed, the cyclic shift by one changes the signs of all ∆'s for the sides/diagonals incident to the vertex p 1 . However the resulting total sign change is 1 thanks to the condition 2. Thus we get a well defined rational function on the moduli space M 0,n . 
Proof. Indeed, there is an embedding M 0,n+3 ⊂ A n provided by the functions r + (x 1 , x 2 , x 3 , x i+3 ), i = 1, ..., n. Its complement is a union of explicitly known divisors, providing the claim.
Lemma 3.9 There is an isomorphism
Proof. Any rational function containing ∆ i,j in the denominator has a pole on the boundary divisor assigned to the decomposition {1, ..., n + 3} = {i, j} ∪ J. If i, j are not neighbors, this boundary divisors does not belong to the Stasheff divisor. The lemma follows.
Lemma 3.10 The map (17) provides an isomorphism
, where n a ≥ 0, m i ∈ Z, is H-invariant if and only if {n a , m j } are weights of an A-lamination, i.e. the condition 2 is satisfied. The lemma follows.
Combining Lemmas 3.9 and 3.10 we get a proof of Theorem 3.4. 
provided by a triangulation T of the polygon.
Lemma 3.11 1. One has M 0,n+3 ⊂ U T .
The complement of
Proof. Recall that any given four points among {x 1 , ..., x n+3 } provide regular surjective maps
1. The coordinates of a point of M 0,n+3 provided by a triangulation T are in C * . This proves the claim.
2. Thanks to 1), the complement sits inside of M cyc 0,n+3 − M 0,n+3 . The latter is a union of irreducible boundary divisors D I,J which do not enter to the Stasheff divisor. One needs to check that the generic part of such a divisor D I,J is in the image of the map ϕ T for some triangulation T . By the assumption on (I, J) there are pairs of indices (i 1 , i 2 ) ⊂ I and (j 1 , j 2 ) ⊂ J such that the diagonals E i 1 i 2 and E j 1 j 2 intersect inside of the polygon. Therefore the rectangle with the vertices i 1 , j 1 , i 2 , j 2 is convex. Take a triangulation T of the polygon containing this rectangle and its diagonal E = E i 1 i 2 . Then X T E = r + (x i 1 , x j 1 , x i 2 , x j 2 ). Observe that 
It provides an embedding
The part 2) of Lemma 3.11 implies that we get
To prove that this map is onto, we prove the following Theorem 3.12 a) For any cluster coordinate system, and for any A-lamination l, the function I A (l) is a Laurent polynomial with positive integral coefficients in the cluster coordinates. b) For any cluster coordinate system, any regular function on M cyc 0,n+3 is a Laurent polynomial with integral coefficients in the cluster coordinates.
The part b) of Theorem 3.12 implies that we get an injective map η, which is the inverse to the map i. Theorem 3.5 is proved modulo Theorem 3.12. Proof of Theorem 3.12. Denote by Conf * m (P 1 ) the configuration space of m points in generic position in P 1 . There is the natural projection
Lemma 3.13 Given a triangulation T of the polygon, there exists a section
such that for every edge F of T the function s * T ∆ F is a monomial in the X -coordinates for the triangulation T .
Proof. Consider the graph Γ T dual to the triangulation T . Take an internal vertex v of the graph. Then one easily shows inductively that there is a (non-unique) way to color some of the edges of the graph in red, as shown on the left of Fig 5, so that 1. The three edges sharing the vertex v are red.
2. For any other vertex w of Γ T exactly one of the two edges looking away from v is red.
Given such a coloring, and given a configuration of points (x 1 , ..., x n+3 ) ∈ Conf * n+3 (P 1 ), we define a unique configuration of vectors (v 1 , ..., v n+3 ) in V 2 projecting onto these points such that for every red edge F one has ∆ F = 1. Namely, take the triangle t v dual to the vertex v. We assign to its vertices the vectors (e 1 , e 2 , −e 1 + e 2 ), where ∆(e 1 , e 2 ) = 1. Next, let w be a vertex on distance 1 from v, and t w the corresponding triangle of T . Just one of its outside edges, which we denote by C, is dual to a red edge going from w away from v -see Fig 5, the right picture. The edge C has two vertices. We already assigned to one of them a vector. Now we assign to the other a vector such that ∆ C = 1. We continue this process till we assign vectors to all vertices of the polygon. One easily sees that the defined configuration of vectors has the desired property. Indeed, this is clear from the following example, illustrated on the right picture on Fig 5. Here we add the sides C and D to the existing triangle ABE, and C is a red edge. The cross-ratio coordinate X E assigned to the diagonal E is
C . We have ∆ C = 1 since C is a red edge, and both ∆ A and ∆ B are monomials of the X-coordinates -known from the previous step. The lemma is proved. Proposition 3.14 Let F be any diagonal / side of the polygon. Then for any triangulation T of the polygon the function ∆ F is a Laurent polynomial with positive integral coefficients in the coordinate functions {∆ T E } assigned to the sides / diagonal E of the triangulation T
The claim that ∆ F is a Laurent polynomial is a special case of the Laurent phenomenon theorem [FZL] . Positivity is not covered by the latter theorem. Below we sketch an algorithm to calculate the function ∆ F , which in particular implies that it is a positive Laurent polynomial of the cluster coordinates. It is borrowed from Section 12 of [FG1] , see proof of part 2) of Theorem 12.2 on p. 176-177 there, and reproduced below for the convenience of the reader.
Proof. The claim is evident if F is a side of the polygon, since then it is one of the coordinate functions for any triangulation. So we assume that F is an edge. Take two sides S 1 and S 2 of the polygon incident to the edge F . Then the dual edges S ′ i of the dual graph Γ T are connected by a unique path on the graph. So going back to the triangulation, we get a sequence t 1 , ..., t m of triangles of T (dual to the vertices of the path). The edge S 1 is a side of t 1 , and the edge S 2 is a side of t m . Then one assigns to these triangles and their edges 2 × 2 matrices whose coefficients are monomials of the coordinates or zeros, so that the product M of these matrices transforms the pair of vectors (v 1 , v 2 ) assigned to the oriented side S 1 to the pair of vectors (v ′ 1 , v ′ 2 ) assigned to the oriented side S 2 . See p. 175 of [FG1] for the details. By the part b) of Theorem 12.2 loc. cit., the entries of the matrix M are sign definite Laurent polynomials with integral coefficients. Finally, ∆ F is one of the entries of M. It must be a positive Laurent polynomial Rather than negative since otherwise ∆ F will be negative on positive configurations. Proposition is proved.
Theorem 3.12a) follows from Lemma 3.13 and Proposition 3.14. Theorem 3.12b) also follows from Lemma 3.13 and Proposition 3.14. However one can use [FZL] instead of Proposition 3.14. Theorem 3.12 is proved. This concludes the proof of Theorem 3.7, including the most delicate positivity property of the canonical basis.
3.2 The structure of the cluster variety X A n Consider the canonical map
Proposition 3.15 The map p is surjective. It is an isomorphism at the generic point.
Proof. According to Theorem 3.4, the ring of regular functions on M cyc 0,n+3 is big. This implies that the two varieties above are of the same dimension.
The variety M cyc 0,n+3 is embedded into a projective variety M 0,n+3 . Furthermore, for any point of the complement there exists a regular function on M cyc 0,n+3 which is not defined at that point: This follows easily from Lemma 3.9 describing the regular functions. These two facts imply that the map p is surjective.
Finally, let us consider a zig-zag triangulation T of the polygon P n+3 . Then for every diagonal E of this triangulation the corresponding rectangle has a pair of opposite sides which are sides of the polygon. Thus the coordinate X T E or its inverse is a regular function on M cyc 0,n+3 . It follows that the restriction of the map p to the open part covered by this coordinate chart is an isomorphism at the generic point. This implies the claim. Proposition 3.15 is proved. Remark. The variety M cyc 0,n+3 is not affine, and thus the map p is not an isomorphism if n > 2. Indeed, the map p shrinks the boundary divisor corresponding to a set I = {1, 3, 5} to a point. Proof. Let p ∈ ∪ T U T be a point which lies outside of M cyc 0,n+3 . Then it belongs to a boundary divisor D I,J . Since |I|, |J| > 1, we may assume without loss of generality that {1, 2} ⊂ I and {n + 2, n + 3} ⊂ J. Let us consider a rectangle with the vertices p 1 , p 2 , p n+2 , p n+3 . The function r + (x 1 , x 2 , x n+2 , x n+3 ) is a regular function I A (l) assigned to an A-lamination l given by the sides of the rectangle, where the weights of the sides p 1 p 2 and p n+2 p n+3 are −1, and the other two weights are +1. By Proposition 3.12 it is a non-vanishing regular function on the union ∪ T U T . On the other hand, it vanishes on the boundary divisor D I,J . This contradiction proves the lemma.
3.3 Proofs of Theorems 1.4 and 1.5
Proof of Theorem 1.4. The cluster structure of M 0,n+3 is invariant under the cyclic shift (6). So the cluster modular group contains the subgroup generated by the cyclic shift. Two combinatorially isomorphic triangulations of the polygon are related by a rotation of the polygon. Thus the cluster modular group of X An , n > 1, is the group Z/(n + 3)Z. This proves the part 4 of Theorem 1.5. Parts 1 and 3 are easy to check. In fact they follow from the general results of [FG1] .
Proof of Theorem 1.5. Recall that a cluster coordinate system provides a special cone in the space X (R t ). The following result was proved in Proposition 5.11 in [FG2] for an arbitrary finite type cluster X -variety. So, in particular, it works for X An . We will give an alternative direct geometric proof below.
Proposition 3.17 For the cluster X -variety X An , the special cones provide a simplicial decomposition of the tropical space. The dual polyhedron is the Stasheff polytope. Theorem 1.5 follows from Proposition 3.17. More specifically, the boundary divisors correspond to the diagonals of the polygon. Indeed, a diagonal E cuts the polygon into two polygons. The boundary stratum corresponding to the diagonal E is a product of the moduli spaces assigned to these polygons. The codimension k strata are parametrised by collections of k non-intersecting diagonals. The stratum corresponding to a given collection of diagonals is the product of the moduli spaces assigned to the polygons obtained by cutting the polygon along these diagonals. Theorem 1.5 is proved.
A sketch of the geometric proof of Proposition 3.17. As explained in [FG3] , one can define a real X -lamination on a convex polygon is a collection of non-intersecting diagonals of the polygon P n+3 with positive real weights assigned to each diagonal. Let P ′ n+3 be the polygon obtained from the original polygon by a small rotation in the counterclockwise direction. Then any triangulation T ′ of the polygon P ′ n+3 provides to a cluster coordinate system in the space of real X -laminations. In particular, the positive coordinate system for a given lamination is obtained by rotating the triangulation supporting this lamination.
The claims of Proposition 3.17 can be reformulated as follows.
• For any X -lamination l on a convex polygon there exists a positive cluster coordinate system.
• Let T be the triangulation of the polygon corresponding to a positive coordinate system for l. Then the subset of the edges of T which carry strictly positive coordinates of l does not depend on the choice of a positive coordinate system for l. In particular, if all coordinates of l in a positive cluster coordinate system are > 0, such a positive coordinate system for l is unique.
Both claims follow immediately from the described above explicit construction of an atlas of coordinate systems on the space of X -laminations.
Proof of Proposition 1.6. It follows from Theorem 5.8 in [FG2] and the very definition of special completion. Recall that the moduli space M 0,m parametrises stable rational curves with m marked points (x 1 , ..., x m ). There is a stratification of M 0,m parametrised by the trees T with ≥ 3 valent internal vertices, whose external legs are decorated by the points x i . Namely, a tree T corresponds to a stratum parametrising nodal rational curves with marked points whose irreducible components are the projective lines P 1 v corresponding to the internal vertices v of T , internal edges correspond to the double points, and external edges to the marked points.
The cross-ratio r(x a , x b , x c , x d ) is a rational function on M 0,m . Let I be the intersection of the path on T connecting the external legs marked by x a , x c with the path connecting x b , x d . Then the function r(x a , x b , x c , x d ) restricts to a non-constant function if and only if I is a single vertex v. In this case the restriction is calculated as follows. The four points (x a , x b , x c , x d ) give rise to a configuration of four points (x a , x b , x c , x d ) on P 1 v . The cross-ratio r(x a , x b , x c , x d ) is the value of the function r(x a , x a+1 , x b , x b+1 ) on the stratum at the given point.
The cross-ratios r(x a , x a+1 , x b , x b+1 ) generate the field of rational functions on M 0,n+3 . Indeed, for each edge of the triangulation on Fig 8, either the coordinate function or its inverse is of this type. Thus the above a criteria tells when the function r(x a , x a+1 , x b , x b+1 ) restricts to a non-constant function on the strata, and so we get a description of all strata shrinked to a point. 
